Motto:

» Universul e un cerc cu centrul pretutindeni si circumferinta nicdieri.”
Blaise Pascal

©

PARTEA 9 I11-2 <
PROBLEME DE SINTEZA PENTRU CLASAA VIII-A

)1

Din cuprins:
II1.1. PROBLEME DATE LA EVALUAR], CONCURSUR], OLIMPLADE

II1.2. PROBLEME DIN GAZETA MATEMATICA
I11.3. PROBLEME PENTRU PREGATIREA CONCURSURILOR SCOLARE

(a+b+c)’ =a®+b?+c?+2-(ab+ac+hc)



IIT. PROBLEME DE SINTEZA PENIRU CLASAA VIII-A
111.1. PROBLEME DATE LA EVALUARI, CONCURSURI, OLIMPIADE

1. Pentru fiecar e nooonsidenamAmeHKatcNmeamdvide an}.

a) Ar at aA(2)={0c2h

by Ardtati ca, pentru oric@&(npneusmaer fniantivtrdal nenul
c) Determinati cel malpemtcr un ucnadr(e)amamattufrelameata
Evaluare "n educa$Si
Etapali 20.10.2012
Rezolvare:
a) D a ca& 0, atunci a+2 divide 2a.
Da cad 0, a+2esteundivi zor mai mar e de+tRé&2acaa=2al | ui 2 a,
b) D a ca& ndivide an =n-(n+a)—n?, atunci a+ndivide n?, iar A(n)c {0;1;2;....; n2 —n}.
c) Deoarece divizorii lui n2diferi ti de n s e(d,npzdd) cuidmpénrzltdi Tn
numarul el dmesefled)/dar unde s este nnfmarul divizo

An)are 5 el ement e,n=g%saua =giunde p-nyasint prine. €& mai mic n
este 6.

2. Trapezul ABCD are bazele [ AB] si [ CD] , i ar
a)Ar at at i AM=aMB, atliacidrapezule este dreptunghic.
byCal cul at i BDOMCO=mDA<€4szZABES.
c)Aratati ca, daca ariile triubM|BCurilor ABM g
Evaluare anmedematSi

Etapa |7 20.10.2012
Rezolvare: Construim desenul din figura I11.1.

E

B
Figura I11.1. Desenul problemei 2 (111.1)

a)l MABC, medi ana BM es tABC jestedmgptunghice di n AC.

T.FA
b) AB||CD = AABC ~ACDM =<2 _CM _DM _4 1
AB AC BC 8 2

pin M _1_ DM _1_pm-2
BC 2 4 2

76



€) Aasac =2-Appu
AB=2.CD
DacBENAD={E}, atunci DM esAA€E | inie mijlocie 1n

3. Consider ax=2ulmar ul

aAr atat i xzéFZmeusméeruTIntreg.
b)Det er mi nat i numar ul Txﬁfeav(eesgtea ipretnte@. care num
cAratati ca primele trei z ex®sumhzedouei. d e dupa vir
Evaluare “n educaSi
Etapaall-ai 22.03.2013
Rezolvare:

a) x> =2-22+1=3-22

X2 +2x=3-242+22-2=1eZ

b) x* = (2f =3-2v2f =9-12y2 +8=17-12/2

xt +ax =17-12J2 +av2 —a=17-a+(a-12)-+2

Pentru (a—12)-4/2=0, adi ca-1p-dmtacll=x*+axeZ
) 0<x <05« 0<x?<05%

059 <000l1=cerint a

4.Paral el ipipedul dreptunghic ABCDEFGH are be

S i muchiile | aterale AﬂfcmBF, CG, DH cu |l ungi m
a)Aratati ca piramida patrulatera cu baza ABCD
b)Cal cul ati di stanta de | a punctul E |a dreapt:
c)Ar atati (AFE)sp(BGhneuret paral etangia dalnculeakil edi s

Evaluare "n educa$Si
Etapaall-ai 22.03.2013
Rezolvare: Construim desenul din figura I11.2.

H G

Al B
Figura I11.2. Desenul problemei 4 (111.1)
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ajBaza este patrat. Muchiile | ater aleste cantiuh t co
bazei).

b)Di stanta este EI, undBD]=Eld sntad t mimjel gd ulmesle gam
deoar ece sunt diagonale Tn dreptunghiuri congr

AABE - dreptunghic :>BE VAE \/ 3\/_ +62 =64 =36

BD:G\/E(di agonal:ﬁID:T:—nz—:FBéEt rat)

T.P.
AEID - dreptunghic = EI =ED? —ID? :\/(3\/6)2 —(3\/5)2 =49-(6-2)=+9-4 =6cm
El =6cm

c) AF||DG,AH || BG < (AFH)|| (BDG)

Distant a (AFH)kes tlea jlu mid=8¢me di n EI

5Pentru numerele reale dlkb:t(—|—n—)<‘5&( 1)2,+)€—z)—con5|
Z—X
a)Cal cul at ix=A2,y=nVZxa=0u |
b) Ar 3t at ix=c/a,y=<d/asth z este numar rational, atun
c)Aratctati daca, x, vy, z sunt numere rational e,
Evaluare "n educa$Si
Etapaalll-aT 18.05.2013
Rezolvare:
a)A—1+1+1:1+1+1
(-yP b-2F @xP (2f (N2F (vaf
A:1+£+1:1+2.l:g
8 2 2 8 2 8
1 1 1 1 1 1
b) A==+ + ==+ +
8 z2-v2f (z-v2f 8 (z+v2f (-+2f
A_1+(z—\/§)2+(z+\/§)2_1+22—2\/§z+2+22+2\/§z+2
8 (z+\/_)2-(z—\/§)2 8 (22—2)2
A—l 272 +4
baf
X—y=a
c) Not }mz=b,a,b,CGQ*:>a+b+c=O
Z-X=C

AL, 11 b2c2+a2c2+a2b2_(ab+ac+bc)2—2abc-(a+b+c)_(ab+ac+bc)2
22 b—2+ 2 22p2¢2 - -

(abc)? (abc)?
(ab +ac+b j
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6.0 constructie are forma de prisma dreapta,
avand | aturile de | ung][BH, [CE]Jnelumgimedmuc hi i |l e | at et
ajCal culati volumul constructi ei
byCal cul ati distanta de | a punctul D |l a dreapt.
cgUn paianjen se afla T n punwn udurDc tsio aroerceasrtee
| ateral a a c orpsitirangteinauil. phoraateatfiaccea acest |l uecr
om.

Evaluare "n educa$Si

Etapaa lll-aT 18.05.2013
Rezolvare: Construim desenul din figura 111.3.

D'
E D F'
F g T
4
______ B C 1
/ B A “
Al
Figura 111.3. Desenul problemei 6 (111.1)
2
a) Abzl 4\/§:J§m2,iarvolumuleste V:Ab-h:4\/§m3
b)Di st anta este DM, unde M este mijlocul | ui [

DA 1 (ABC)= DA L AM = m[DAMJ:%A

AM T n &l AABGoeeptinghic = AM =§=¥=J§
ADAM - dreptunghi c

T.P.
m[,&j—QOA = DM =VDAZ+AM? =42 + ({3 =J19m

c) Dac a me rugne piumtcrt al fetei ABED sau ACFD,
DB =DC=+20<+/25=5

Daca meugepimtctr al fetei BCFE, atunci pe desf
parcurs (1n fun®@iCiFE de Icac el viaeapes af atfaunga) c¢

JAD? + (AB + BM)? =5 sau /AD2 + (AC + CM)? =5
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7.Se consid eA=é{a+m@la;bieZ}e a

Ar &t a/g42/XaA s W3000+2013/2 ¢ A.

Rezolvare:

V3+242 =1+ V2 =142 =a+bv2,cu a=1cZ,b=1cZ, deci Y3+ 242 A

Presup u\/r$0£)0n2&1$/§ =a+b+/2, atunci 3000+2013\/§=(a+b\/§)2 =

Eval uar e

“'n

educasSi

Etapacomp et i § 09062813 L

3000+ 2013V2 = a2 + 2ab+/2 + 2b% = 3000+ 2013V2 = a2 + 2b? + 2ab~/2
D a caf e Z, atunci 2013—2ab =0, deci (2013—2ab}/2 =a® +2b% —3000=

J3e a? +2b% -3000
2013-2ab

80 piramida
SA =SB =SC=SD=+3.

eQ -fals

ar e
Determinat.

Rezolvare: Construim desenul din figura I11.4.

A

Eval uar e
Et apa

Figura 111.4. Desenul problemei 8 (111.1)

AN

Unghiul ceruteste MSN, unde M s i eleNucliilorfBC], [AD]j | oac
[SM]=[ SN] Tnaltimi Tn triunghiurile
Cum MC:%-BC:l,iarSC:\@, aplicam

SM=+3-1=+2

T.P.
I mSOMdr ept ungh DMz%‘t-ABzCD,iar SMc=w2 = SO =+2-1=1

SO-MN SN-MM -sinMSN :>1-2

AN

AsuN = >

2 2

8

0

2-sinMSN

ba#aB-a2spatnuathuli | ABCBteuw al e
m& s ur (8BCISNSAD). ul u i

“n
c 0 mp0®.06i28B3 on al

di nt
educasSi

congruent e ¢

t e orASMd rleupit uPnigthaigco rian

— SinMSN =1 = m[MSNj - 90"



9.Sa s a e apbntruecare e”Z.

a+b
FundaSia de evalua
Problema lunii octombrie 2012
Rezolvare:

\/2a—4 _\/2.(a+5)—14_\/2.(a+5)_ 1 _\/2_ a
a+5 a+5 | a+5 a+5 a+5
=a+5eDyy = {-14,-7,-2-11;2;7;14)

Situati.| posibile:
e a+5=-14= 2—— J2+1=3¢Z
a+5
14
e a+5=-T= [2-— =J4=2eZ=a=-12eZ
a+>b
14
e a+5=2= [2-—_ =9=3eZ=a=-TeZ
a+o
14
e a+5=-1= [2-—_ =\16=4cZ=a=-6¢cZ
a+5
e a+b5=1= 2—— J-12¢7
a+5
e a+b=2= 2—— N=-5¢Z
a+5b
14
e a+5=7= [2-—"_=J0=0eZ=a=2eZ
a+5b
14
e a+5=14= [2- " =1=1leZ=a=9
a+b5

Sol uatei{-&2,—-7,-6;2; 9}

10. Rezultatul calculului 1+1 . 1+1 e 14 1 gste:
2 3 2012

2013 2
A. 5 B. 2013 C. 1006 D. 2012 E. 2013
Concur sul NaSional de Mat
Edi Si ea,a EX\Mlpa | ocal t,
Rezolvare:

1 1 1 2 1 3 1 2012 1 3 4 2013 2013
T+ |1+ 2 |l —— | = S+ | 242 = —— =22 (A)
2 3 2012 2 2 3 3 2012 2012 2 3 2012 2

11.Rez ol vényd:ZEf:E—ZSupaZxZae obtine solutia:

5
A.(a,Za—EJ B.g C.ZxZ D. (0,5) E. (0,-5)
Concur sul NaSi onal de Mat
Edi Si aEmp&XVllocal £, 15.
Rezolvare:Se obser vayeZ@cpeamti aunu are solutie, deoar
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x:O:y:—gg Z=(B)

12. AB||CD , AB=3,A0=x-1,0D=5,CD=x+1. CD="? (figura Il1.5)

A 4 B.5 C.6 D.7 E.8
Concur sul NaSional de Mat
Edi Si ea,a EX\MIpa | ocal t,
Rezolvare:
3
A B
x-1
O
5
S D
X+1
Figura I11.5. Desenul problemei 12 (111.1)
AB || CD ipoteza " " _
. = ABO = DCO - alterne interne (1)
BC —secanta
AB || CD ipoteza " " _
. = BAO =CDO - alterne interne (2)
AD —secanta

Din relat i:>iAAQB~A()Z:>§E={S—82%(E;2: 31=X5_1:>
X+

15=(x+1)-(x-1)=15=x2 -1=x? =16 = X e {+4} = x=4=CD =x+1=5 (B)

13. x2=4§ iy2=16. Cea mai mircdntyestteoar e a di fe
A. 6 B.2 C.-6 D. -8 E. -20
Concur sul NaSional de Mat
Edi Si ea,a EX\MIpa | ocal t,
Rezolvare:
X1 =-2 =—4
x2:4:>{ . ,iary2:16:>{y1
Xo =42 yo =+4
Cea mai mi c a vayesleaxi{(yz)a:—m—Ma‘:{ﬁr:E(@); ei X
14.FieA(52012)§iB(52014)doué puncte pe axa numerelor. N
[AB]. Atunci coordonata punctului M este:
A. 52012 13 B. 52013 c. 5212 .12 D. 520132 Ealt ré&s
Concur sul NaSional de Mat
Edi Si ea,a EX\MIpa | ocal t,
Rezolvare:
2012 | 2014 2012 2 2012
M:5 +5 :5 (l+5 ):5 26:52012.13 (A)

2 2 2
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15,.Suma numer el or rational ‘m\/§m6\/§i+4\/§+n€/330veﬂer i fi ci
A 2 B.3 C.5 D.0 E.6

Concur sul NaSional de Mat

Edi Si aa,a EX\Mlpa | ocal t,
Rezolvare:

‘(m\/§ + 4\/§)+ (n\/z - 6\/51 <0

Dar, ‘(m 3+4‘/§)+(”\/§—6x/5120:>{m 3+44/3=0 |:\/§ {m+4=0 :{m:_4

= =
n2-642=0 ;2 [n-6=0 [n=6

m+n=2(A)

16. :ﬁ — 7 (figura I11.6)

AKB
Al B. c. = p.1 L
4 9 27 8 16
Concur sul NaSi onal de Mat
Edi Si ea,a EX\Mlpa | ocal t,
Rezolvare:
L E 2 F2
D C
K
A B

Figura 111.6. Desenul problemei 16 (111.1)

EF | AB (DC || AB, ABCD — p & t E>a\EFK ~ABAK — oF - EK_FK_2 1
AB BK AK 6 3
Aac _(Ejz_(z)z_z ®)
Axg  \AB 3 9
17. Aria AABC =183
AB =3J3.2"1 Bgc=2M+2 o0+l on ac o+l _on  on-l o N,
Valoarea lui n este:
A 4 B.3 C.2 D.1 E.O
Concur sul NaSional de Mat
Edi Si ea,a EX\MIpa | ocal t,
Rezolvare:
AB =33.2"1

BC=2""2 2"t 420 Zo" (o2 241)=3.2" =320 2
AC =2"+1_pn 4 -1 =2“—1.(22 —2+1)=3-2”—1

Not #@=3-2"1=x=>AB=+3xsBC=2x. Rezulta ca:
AB? =3x2 AC? =x?, BC? =4x? = BC? = AB? + AC? = 4x? = AABC —dreptunghic
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AB-AC 3x - X

2 oA 2 :>\/§X X-18/3=>x%=36=xc {+6}=x=6
si, revenind 3AlaetATEd =nrle-21h+24(C)
18.Suma modul el or numerel or N :e(gy\/geste'si y cal
' 2V3+3 '
A 2 B.1 C.3 D.-1 E.-2
Concur sul NaSional de Mat
Edi Si ea,a EX\MIpa | ocal t,
Rezolvare:
J3
=x+y\/§:>\/§=(x+y\/§)-(2\/§+3):>\/§=2x\/§+3x+6y+3y\/§:>
23+3
2x+3y =1 2x+3y =1 -4y +3y=1 =-1
J3=(2x+3yN3+3x+6y =1 S A A
3x+6y=0 X+2y=0=>x=-2y X =-2y X=2

X+ yl=[2+-3=2+1=3 (C)

19. DE, FG, BC sunt drepte paralele. DE =3; FG =6; AD =4;BF =2. BC=? (figura I11.7)

7 15 17
A.4 B.2 C.8 D.9 E.2
Concur sul NaSi onal de Mat
Edi Si ea,a EX\Mlpa | ocal t,
Rezolvare:

A

4

D 3 E
F / 6 \ G
/

N,

B
Figura I11.7. Desenul problemei 19 (111.1)
T.FA.
DE|[FG — AADE-~AAFG =D _DE_AE _3 1
AF FG AG 6 2
AD Ll 4l A8 DF-AF-AD=8-4-4=AB=10
AFE 2 AF 2
TFA.
BC|DE — AADE~AABC =D _DE_AE_4 2
AB BC AC 10 5
DE_2_3 2 _gc-B8 (B)

BC 5 BC 5

84



20.Cal cul and i nvAe{v2012-2013}(d2018+~2012)0 bt i ne m:

1 1 —24 .
A -1 B. 1 C ——_ D — E. 4025—-2+2012-2013
4025 4025
Concur sul NaSional de Mat

Edi Si ea,a EX\Mlpa naSional t
Rezolvare:
A = (/2012 - \2013)- (V2013 + +/2012) = (2012 - +/2013). (+/2012 + v2013) = 2012— 2013 =1
11

AT W

2.ABCD este wun pat r @LDFBFLAG;AB GGBffiguda Illc8)Aria

patratului ABCD est e:
A. 80cm? B. 76cm’ C. 72cm? D. 70cm? E. 48cm’
Concur sul NaSi onal de Mat
Edi Si aa,a EX\MIpa naS$Sional t
Rezolvare:
D C
E G
4
4
F
A B
Figura 111.8. Desenul problemei 21 (111.1)
CF L DF
= CE || AF
AF | DF
CE || AF
AB || CD
pe baza faptului ca unghiuril e>®CEr=FABe doua dr ¢

AF c AG = DCE = GAB

N AN

DCE = GAB
AB =CD
DF=DE+4=4+4=8cm
ADFA —dreptunghic

TP
m[A]—goA —=AD? = AF? + DF? = AD = /4% + 6% = 4./5cm

V]
= AABG = ACDE = GB=DE =4cm

F

AABCD :AD2 :(4\/5)2 :8OCm2 (A)
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22.Det er mER@S ti f e 62 48R e 6+8)2 +[x—2019=—2°.

A.2010 si B.20122018i C.201062018i D.2014 si E.201 22014 i
Concur sul NaSi onal de Mat
Edi Si aa,a EX\Mlpa naSional t
Rezolvare:
V62 +82 —\/(6+8)% +|x — 2012 = —/2° = 100 - (6+8)+|x — 2012 = 2 =
10—14+|x—201q=—2:>|x—2014=—2+4:>|x—201q:2:>x—2012:12:>
X €{2010,2014} (A)

23.Val oarea numar ul ui5s/anadbucv2| andadle nar gl atbi as
naturale prime este:

A7 B.11 C.10 D.12 E.O
Concur sul NaSional de Mat
Edi Si aa,a EX\Ip a 5M&a2812 onal
Rezolvare:
5Ja +74/b =cv/2 |:\/§:>c=5\/g+7\/g
2|a,2|
ceN= . t=a=b=2=c=5+7=12 (D)
a,b—prime

24. Fie a>0. Det er mi nat K, xp.Uxgdsdlid nrde alae

Za-(\/Xf—az+\/X§—az+...+\[X§010—aZJZXf+X%+...+X%01O
Concur sul I nterjudeSean de Mat ¢

Rezolvare: x12 +x% +...+x§010 —Zaw/xlz —a? —2aw/x§ —a? —2a\/x§010 ~a% =0

2
Se obs Elzr—\Zazi/xlzc—éz =(\/x12—a2 —a)

---------------------------------------------

2 2 2 2 2 2
X9010 —23\/X2010 —a =(\/X2010 —a —a)

2 2 2
Rezul @/5(12 —(azé—:aj +( x%—a2 —a) + ...{\/xgom—az —aj =0

Egalitatea are | oc daca fiecare paranteza est
2 .2 2 .2 2
xf-a“-a=0 xi—a“=a () x{ —a? =a? x? = 2a’
2 .2 2 .2 2 2 .2 .2 2 2
—a” —a= -a® = X5 —-a“=a X5 =2a
x3-a%-a=0 _ Jyxj-a° =a () LY _ 1% N
X5010 —a~ —a=0 x%010 —a% =a()> (X200 -a" =2 X5010 = 2a

= X =#av2 , k=1 2,..,2010
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25.a)Det er mi nat i val oarea numarul ui real “x” p

E(x)=— ! are cea mai mare valoare si gasi
X< —4024x + 2013-2012
b)Demonstr ak- yzﬁlaatunad—a—cl—a— ! + ! =1.
1+x+xy 1+y+yz 1+z+2zx
Ol i mpi ada NaSionalt de Mat
Bihor, 09.02.2013
Rezolvare:
a) E(x)=— L =— L 5 = 12 >0
—4024x +2013-2012  x“ —4024x +2012° +2012 (x —2012)“ + 2012

E(x)are cea mai mare valoare pentru cea mai mi
pentru (x —2012)% = 0= x—2012=0=> X = 2012= E(X) 1y i = %12.
b)Fol osx-yz=<la

1 B Xyz B Xyz o yz
1+ X+Xy Xyz+X+xy X-(yz+1+y) 1+y+yz

S e /e A A, S
1+z+2x xyz+z+2x z2-(xy+1+X) 1+X+Xy Xyz+X+xy X-(l+y+yz) 1l+y+yz
I nlocuim cele doua relatii obtinute Tn relati:é

1 N 1 N 1 __y N 1 N y =1+y+yz=1
1+x+xy 1+y+yz 1+4z+2zx 1+y+yz 1+y+yz 1l+y+yz 1l+y+yz

26a)Demonstrati ca suma dsiintirnev euns unu nhduri reesatle
cu 2. Céadnd avem egalitate?
b)Se considera doua segmente distincte AB si C

CA CB DA DB
CB CA DB DA

=4, Demon#&B rGDL i ca

Ol i mpi ada NaSemanal EtdeEt ap
Bihor, 09.02.2013
Rezolvare: Construim desenul din figura 111.9.

2
a) FieaeR . Avem: a+£22:>a+1—220:>£\/5—iJ >0, relatie adevar at
a a Ja N
Egalitate avem pentru: Ja-— —O:>\/_ = a=1
Ja f
CA DA 1 1
b)Not am=a, —=Db,a,beR, =|a+—|+|b+=|= .
) CE ' DB =T ( aj ( bj C D
Conform punctului a) obtinem:
1) 1)
@__j +(JB——] o,
( Ja Jb B
Egalitatea are loc pentru: Figura 111.9. Desenul problemei 26 (111.1)
f—%:O f:% .
1a = 1a:>{b_ — CA =CB = DA = DB = ACBD - romb=> AB L CD
boLtoo =L b=
Jb Jb
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AN

27. Pe planul triunghiului dreptunghic ABC cu m(Aj:%As e ridica perpendi

triunghiului, pe care seia AM =10cm. St iABedOocngAC=30cm, sa se cal cul e

a) aria AMBC,
bydi stanta de | a punctul A |l a planul MB C.
Ol i mpi ada NaSi a&an alElt apea MNMaot
Bihor, 09.02.2013

Rezolvare:
a) Construim desenul din figura 111.10.

v C

D
Figura 111.10. Desenul problemei 27 (111.1)

AABC —dreptunghic

m[;\j:QOA L BC = VAB? + AC? = /402 + 302 = /2500 = 50cm

Ducem AD 1 BC = d(A,MBC)= MD

Aplicdm teor aABE: ADR B'Acq"ngﬁ%(i)ﬂzimrnm

Aplicanm tleuwir ePmt agora T n triunghiul dreptunghi
MD =VAM2 + AD2 =+/102 + 242 = 26cm

Ampe = 28 'ZMD = 50;6 = 2526 = 650cm?

by Af | @(mMBC)=dcu formula volumului tetraedrul ui
fnal ti mi di ferite:
Anmec "MA _ Aawviec d _

Vamvee = 3 3
30-40
d:AAABC -MA: 2 =20'30=9,23cm3
AAMEC 650 65
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28. Determin a { i triplete I(xg/,z)dceu pu noeprré eit mttreeag ic a

X2 +y2 +2% =16-(x+y+2).
Ol i mpi ada NaSional t

Etapa judeSeant «i a Municip

Rezolvare:
x2 +y? +72 =16-(x +y+2) < (x—8)? + (y —8)% +(z—8)% =192 (*)
Daca 1 mpartt iprerufnecptatiraa 4 obtinem fie restul 0,
Numar ul 192 =este divi-giyBizB euntd, pare] ah @ enie r e
a;,b,cqez, astfel Tncat:

X—8=23.1

y-8=2b;=>Tnl ocui nd 1 #afedolwdd e02=6af)ble& =48 (*)

Z—8:2C1
Repetand acest rationament de doua ori, obtin:
a2,b2,czeZ

a; =2a

bl 2b2 =inlocuind 1 n4a%e+4bu§a4g:§iﬁ8:(>a%#b%+c§ép12 (***)

1=402

C1=2C2

ag,bg,C3€Z

a2=2a3 . . ~ 2 2 2% 2R (*Akk

b = 2b =inlocuind I n4a§a{:4b3a+§403 alZ(:>’a3+’b§+c§::5\3( )

2 =403

C2=203

Egalitatea (rat-&,) ecsdde faidagpicee dban hamémelaenpl
valorile {~1,1}, astfel:

Il
o o © o o

a3=—1 as =-2 a1:—4 X—8=23.1=—8
e pentru {bz3=-1=<by="2=b=4=y-8=2b=8=
03=—1 C2:—2 C1:—4 Z—8:2C1:—8

N < X
Il

a3=—1 3.2:—2 31:—4 X—8:23.1:—8

e pentru <by3=-1=iby=-2=b="4=y-8=2b;=-8=
03=1 C2:2 C1:4 Z—8:2C1:8

T
o =
(o]

3.3:—1 as =-2 a1=—4 X—8=2a1=—8
e pentru <bz3=1 =iby=2 =b;=4 =y-8=2b1=8 =
c3=-1 Cor =—2 c1=-4 z-8=2c1=-8

I Il
h o
(@)

3.3:1 do =2 a1=4 X—8=2a1=8
e pentru bz3=-1=by=2=b=-4=y-8=2b1="8=
C3=—1 C2=—2 Cl=—4 Z—8=201=—8

N <« X N < X N < X
Il Il
© o o 5

3.32—1 do =-2 a1:—4 X—8=2&1=—8 X
e pentru shz3=1 =iby, =2 =b;=4 ={y-8=2bh; =8 =Jy=16 ,
c3=1 Cr =2 c1=4 z-8=2¢1 =8 z
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az=1 ap =2 a; =4 X—8=2a; =8 X =16
o pentru <bz3=-1=iby=-2=b;=-4=y-8=2bj =8=7y=0 ,
c3=1 Cr=2 c1=4 z-8=2¢1 =8 z=16
ag=1 ap =2 ap =4 X—-8=2a; =8 x =16
e pentru <bz3=1 =<:by=2 =<by=4 =y-8=2b1=8 ={y=16 ,
cCg=-1 |[Cr=-2 c1=-4 z-8=2c1=-8 z=0
az=1 ap =2 ap =4 X-8=2a; =8 X =16

e pentru (b3 =1=by=2=1b;=4=y-8=2b; =8=.y=16 .
c3=1 Cr=2 cp=4 z-8=2c1 =8 z=16

Deci,sol uti il esucuati ei date
(x,y,2)<{(0,0,0); (0,0,16); (0,16,0); (16,0,0); (0,16,16); (16,0,16); (16,16,0); (16,16,16)}

. : o 2x +1 R
29. Det er mi nat.i toate nuumrearraeuH—g—Pe—aalse ex Tmemtergu
X©+2X+3
Ol i mpi ada NaSionalt
Etapa judeSeant ki a Municip
Rezolvare:
Ar at avrel(e@-1)uU(Lwo), a=22X—+1¢z.
X©+2X+3
o 2Xx +1 2 2 o
PresupudmeRn asit f eJ~~FneZjoumx”+2x+3=(x+1)°+2>0, rezul ta
XS +2X+3
2x +1
—<-1 2 5 . "
x2 1 9% +3 N 2x +1< —{x“ +2x+3)= (x—2)° <0 imposibil
2x+1 2x+1>x2 +2x+3= x2+2<0 imposibil
X2 42X +3
deci presupunerea facuta este falsa, ceea ce |
22)(—+1=—1:>(x+2)2=0:>x=—2
o% +1 X©+2x+3
a=—2 " cl1] 2x+1 1 1
X5 +2X+3 = 2—:O:>2x+1:0:>x:—— = Xeq—-2,——
acZ xeR X% +2X+3 2 2
21— %2 +2=0= imposibil
X©+2Xx+3
30 Consideram numar ul Metdrminatai |  nnuemmeurle | &1 xnaatt ur

X1 < X9 <. <Xp<XppgCU PT OPTrXyexp,ate(g +Xo8..+X,).
Ol i mpi ada NaSional t

Etapa judeSeant ki a Municip
Rezolvare:
Observam ca
Xn Xn1 S2-(Xg + X + o4 X )< 2-(14 24+ X ) = Xpy - (X, +1) (1)

Rezult a x¢ g £x,+1

Cum X S X471 Sunt numere naturale cu X, <Xp41, d e d uXg.g mX,Cra

Astfel toate inegalitatile (1) se vor transfor
Din X1 +Xp 4.+ Xp =14 2+..4+X, S Ky 2N=>X, =ns i , xppko¥ke{l?2,..,n}
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111.2. PROBLEME DIN GAZETA MATEMATICA

1.Se consi deB:i)@LO(m(.otmerD&elrrmns/Eersat;e' rcwlmar irationa
2n+1ori

Gazeta MaGMegNn&-7-8/@2 (
Rezolvare:
Demonstram ca B nu este patrat perfect.

B=b1022+b=b-[0?"211), b este cifra

0. (10272 +1)=125 10272 41 nu este divizibil cu 2, 4,6, 8, 5.

Suma ci fr ell08¥V?+testeRis10"Tirlnu este divdzibil cu 3
Ar at 316" ¢ nu este divizibil nici cu 7.

Da c1®2"*2 41 ar fi divizibil cu 7, atunci singura posibilitate ar fi 7-N, unde u.c(N)=3,

deoarece u.c(7-3)=1.

DarNartreouisa fi e patrat perfect %i23%8.im ca u.c. a
Rezulta ca 1 rb-(ld%*%%i)ofamtprml a08" %e- B nu este divizibil cu cifrab = nu

poate fiscris b-patr at=>Bru fect e pét\/Erau @petrd ecumar rati ol

2Rezolvati Tn multimea numerel or reale, ecua
2
\/x2+x+l+\/2x3+x2+2x: 2X+—2X+2
GM Nr. 6-7-8 /2012
Rezolvare:
Apl i crammu lfao radi cal il or compusi
2

a=X"+x+1
b=2x3+x2+2x

2
c2 :az—b:(x2+x+1) —(2x3+x2+2x):x4+x2+1+2x3+2x2+2x—2x3—x2—2x
2
c2 :x4 +2x2 +1=(x2 +1)

c=x%+1
Obti nem:

\/x2+x+1+x +1 \/x2+x+1 x2 1 \/Zx +X+2

/2x +x+2 \/7 /2x +x+2 \/7 0| _ij 0

3.Rezol vat (XZ—E£2913a(§(2i+a(+2)3=(2x2)3.

GM Nr. 6-7-8 /2012
Rezolvare:
Not am

x% =a Six+2=D

(a-b)*+(a+b)® =(2a)’ =a®-3a%b+3ab% —b3 +a% +3a%b+3ab% +b> =8a® =
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6ab? =6a’ |16 —a?=a% =a’-a’=0 :a-( 2—bz):O
l.La=0 sau

a-(a-b)-(a+b)=0=|1ll.a-b=0=a=b sau
M.La+b=0=a=-b

La=0=x2=0=x=0

lla=b=x2=x+2<x2-x-2=0=x? -2x+x-2=0=X-(x+1)-2-(x+1)=0=
= (x+1)-(x-2)=0=>xy =-1; Xy =42

2 2

HLa=-bh=x"=—Xx-2x“+x+2=0=>x¢R

Sol ust=i0a12}

4. Ar at at i ca, pentru orice X, Yy, Z numere rea

\/5x2+y2+22+2x+2y+2xy—4xz+1023

GM Supliment - septembrie 2012
Rezolvare:
Punem T n evidenta sub radical o suma de expr e:

\/5x2+y2 +22 +2X+2y+2xy —4xz2 +10 =

:\/(xz +y? +1+2xy+2x+2y)+(4x2 —4xz+22)+9 :\/(x+y+1)2 +(2x-2)2+9>3

deoarece (x +y+1)?>0's (2x—2z)? >0.

5Fi e n wun nuAnm\/'n2+Bn&r12.ur,a1II§g'i partea T ntreaga

GM Supliment - septembrie 2012
Rezolvare:
Notam partea 1T ntr[A@laga a numarului A cu

Sti m<pA¥ca+l,acZ

Vn2+3n+2>0=>A>0=[A]eN
A?=n?13n+2=n?+2n+n+2=n-(n+2)+(n+2)=(n+1)-("h+2)pr odus de doua r
naturale consecutive=>A’nu est e patrat perfect.

(n+12 <(n+1)-(n+2)<(n+2)?

n+1s,/in+1i~in+2iSn+2

N+1<A<n+2=[A]l=n+1

6.a)Ar &t ad-il) (ac-2)-(a-3)=a®-6a’+11a-6, pentru orice a num

b)Ar at aui exd st a numeren(ﬁznﬁnﬁﬂ)gmlm pentru car e:

GM Supliment - septembrie 2012
Rezolvare:
ajEf ectuam calcul el e:

(a—1)~(a—2)-(a—3):(a2 —2a—a+2)-(a—3)=(a2 —3a+2)~(a—3):
~a®-3a°-3a%°+9%+2a-6=a°—-6a’+11a—6
b) n(n2 —6n +11): n3-6n? +11n = 2012
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Di n

punct unf-6ad)+118+6i=-1-&—2)-(n-3)

2012-6=(n-1)-(n-2)-(n-3)=2006=(n-1)-(n-2)-(n-3) "F"

deoarece 2006=2-1003= n u

7.Fi e cubul
AB=6cmcal cul at.i

erRdeSst a

Rezolvare: Construim desenul din figura I11.11.
D

A B (BOD'ACBB-{0¢,' AD'"DA%=i{0'} .
di stant dABICY. | a

DAO&BO={P}si
punct ul P
GM Supliment - septembrie 2012

C

Figura 111.11. Desenul problemei 7 (111.2)

Ducem prin punctul P EF || A'B'.
EeA'O, FeBO

| a

pl a

Toate punctele de peecacagqistdi ptadABICy.l faatviordd ipll
A'B'OQO' dreptunghi = P centrul dreptunghiului = A'E=EQO".
Construim ET si O SSprgop=endi cul are pe A’ D’
ET este | IZMF\'@'S:®'5+!2l-éﬁdﬂ%e6cm:ﬂ3cm:>ET=%-3:gcm
=d(P,(A'B'C'))=15cm

8.Fiea>0s b>0doua numemon1et31—|‘—aﬂe—§+i—beél

' ¥ i 3a+b 3b+a 2

Rezolvare:
Ef ectuam

3b+a)_& 3a+b) b _1
3a+b 3b+ra 2

cal cul el e

S i
a-(3b+a)+b-(3a+b)
(3a+b)-(3b+a)

2-(3ab+a2 +3ab+b2)£9ab+3a2 +3b% +ab =

6ab +2a2 + 6ab + 2b% <9ab +3a% +3b% +ab =
12ab + 2a2 + 2b2 <10ab +3a2 +3b% =

0<a?+b?-2ab =(a—h)? >0 "A" = inegalitatea dat3
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obtinem o

1
<-— =
2

este

GM Supliment - septembrie 2012

3ab +a? +3ab + b?
9ab +3a2 +3b2 +ab

1
<—=
2

adevarat a

i negal itate

/



i soscel

9.Det erminat i aria tri ui
stantele de

u
M 1T n i nteriorul sau, ava
(AC).

GM Supliment - septembrie 2012

Rezolvare: Construim desenul din figura 111.12.
A

Figura 111.12. Desenul problemei 9 (111.2)

Not a\Bh=AC=x

4.x 2-x 312 6-x+36
Aangc =ApravB T AraMC HAABMC = >+ L

; =3-x+18 (1)

Fie AT Tnaltimea din A a triunghiului ABC.
T.Pitagora

AATBdr ept ung h= c ATi=n/x>T-36

2
A aBC :wze. x2-36 (2)

Di n (13 3:sir18462x2 —36 |:3
x+6=2-Yx?-36 ()
X2 +12x +36 = 4-(x2 ~36) = x2 +12x +36 = 4x% ~144
3x% -12x-180=0 |:3

X% —4x-60=0 =x?—-10x+6x—60=0
= X-(x~10)+6-(x —10)=0 = (x —10)-(x +6)= 0=>x =10 sau x = -6

Doar x = 10cm convine, prin urmare AT = Vx? —36 =+/100—36 =8cm =
(2) devine: A sppc =6-Vx2 —36 =6-8 =48 cm?
sau (1) devine: Axapgc =3-X+18=3-10+18= 48cm?
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10.a)Ar at a§)§:|L1—l=c2 x+3,

X+4 X+4'
b)Re z ol va;{3X+ll [ﬁgﬁ}azz,g,
+4 X+3

unde{a}i nseamna partea [ﬁ]rrae(pgrie(zmmrtﬁ palrwieaa] nitara:i
GM Supliment - septembrie 2012

Rezolvare:
3x+11 2-(x+4)+x+3 2-(x+4) x+3 X+3
a) = = + =2+
X+4 X+4 X+4 X+4 X+4
b)Fol osim demonstratia de | a punct ul a)

3x+11 X+3 X+3
=q2+——= <1
X+4 X+4] x+4
3x+8 2-(x+3)+x+2 2-(x+3) x+2 X +2 {3x+8
= = + =2+ =

X+3 X+3 X +3 X+3 X+3 X+3

Ecuatia devine:

Xt 009 X8 09 XF3 9 10, (x43)=9-(x+4)=10x+30=9x+36 = x = 6
X+4 X+4 x+4 10

<1

} =2, deoarece X+2
X+3

11.Rezol vat i ecuati a

x3+1 x3+2 x3+3 x3 +1012
+ + ot

=1012
9 10 11 1020

GM Supliment - septembrie 2012

Rezolvare:
Scriem ecuatia astfel
X 1 x2 2 x3 3 x3 1012
— et ot —t—F—+—Ft——t——
9 9 10 10 11 11 1020 1020
3 (1 1 1 1 1 2 3 1012
X7 =+ —4+—=+ ot —+—F .+ —

9 10 11 1020

1012

o —— ~1012
9 10 11 1020 j

3 (1 1 1 1 1 2 3 1012
Xl =4+ —=+—=+.+—|=1012-| -+ —+ —+ ...+ ——
9 10 11 1020 9 10 11 1020

x3 . 1+i+l+...+ 1 1—— 1—— +.+ 1—%
9 10 11 1020 1020
8

3 (1 1 1 1 8
X7 |l =4+ —+—+..+—— =—+— ot ——
9 10 11 1020) 9 10 11 1020
3 (1 1 1 1 (1 1 1 1 j
X =+ —=+—+.+— =8| -+ =+ =+ .+ —
9 10 11 1020 9 10 11 1020
3-8=x=2
122Rezol vati 1n muI;imeszJanymyHleO.or Tntregi ec
GM Nr.9/2012
Rezolvare:
3x2—1:2xy+y
2
2 33X -1
X" =-1=y-2X+1)=>y= e”Z
y( ) y 2x +1

95



2x+1]3x? —1} 2x +1] 2-[3x2 -1)
=

= 2x +1] 2-(3x2 —1)—3x-(2x +1)
2x +1]2x +1 2x+13x - (2x +1)

2x+1|6x2—2—6x2—3x
2X+1|-3x-2
2x+1|-3x-2] 2x+1|2-(-3x-2)
= = 2x+1]2-(-3x—2)+3-(2x +1)
2x +1]2x +1 } 2x+113-(2x +1) }
2X+1|—-6Xx—-4+6x+3
2x+1| -1
2x+1efl, -1}
2x € {0, -2}
Xe{O,—l}

x:O:y:T:—l

2
Xx=-ly=-"2=22
Y=

s={0;-1) (-1-2)}

13.Pentru a>0s b>0not &(mb)=+vab( medi a g ekdam¢ﬁf|ibg @né&dia ,
+

armoni ca) G(aA@a R« H 6(a )i
GM Nr.9/2012

Rezolvare:
2
G(a, H(a,b)) = /a- 2ab [2ab
a+b a+b
H(a,Gla, b)) = 222
a++Jab
Demonstram ca i necghalviatlaetnetaa cceur uot a neesgtael iet at e a

/2azb< 2afab |

a+b  a++ab ‘.(\/Z_a-@)
\/;r_bsaf%:a+@sﬂ-\/a+b ‘:\/%
o VD _
EJFE_ a+b

Va b
EJFE_ a+b
Ja+b<2-@+b) | ()
a+b+2v/ab <2-(a+h)
0<a+b-24ab

(a—JBF 50 s

|l negalitatea data este “A” (adevarata).
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v

14. Fie AM mediana si AH Tnalti me 1 HHlL1tAB)j ungh

2
le(AB). HI intersect eaza- in T. Aratati ca

c? b2
GMNr. 11/2012
Rezolvare: Construim desenul din figura 111.13.
E

& C
Figura 111.13. Desenul problemei 14 (111.2)

In rezolvare folosim asemanamieh, teorema cat et
Not 3A@=h, AB=c, BC=a

AABC ~ IAT , deoarece ABH =TAI , unghi ul format de o medi ana
dreptunghic). De aici, = A AT T A ALBC

AB BC AC AB
Dar TM = AM _ AT = BC _AI'BC _ AB-BC-2-Al-BC

2 AB 2-AB

AH2
Pentru calcul ul I ui ,%AHBf:,oAHasAImBi:AIo:rT‘ieéma catetei
Dar AH este Tnalti me, dAABC:d\Iﬁiszﬁ—%gn: b onema 11
BC b2 4 2

2
Al = b-c E_bz-cz 1 b?.c
b24c2) € bZ+c? C bpZic?

+C
2 2
AT=%. b2 c2. 1 b°
b +c c b2_|_c2
2
c-vb? +c? - 2. b=-c . b2 +c? 5 9
b? +c? c“-b
=1TM = =
2-c 2-b? +c?
AT b2 24b4c? | 2b?
™ b2+C2 C2—b2 C2—b2,

relatie adevarata doar pentru c>b.

97



15.D a cag,c >0, sa se arete ca:

1 1 1
- -

@+b)?+(@+c)® (b+c)®+(b+a)’® (c+a)®+(c+b)y? 8

Rezolvare:Fol osi m i negalitatea
Lema 1: (x+Yy)? >4xy, vx,y eR

Lema 2: x2+y2+z2 >Xy+Xy+yz, VX,y,zeR.
Avem:

.(L+L+LJ
2 2 g2

GMNr. 11/2012
mediil or si 2 | eme

T

2 (+)
(a+b)” > 4ab —(a+b)? +(a+c)? >4ab+4ac =4-(ab+ac)>8vVa’bc =8Jab -Jac =
(a+c)? > 4ac
1 1 1 1
< =—UWV, CU U=—,V=—7+= 1
RS ANRCEN -~ T 0
I'n mod silimar, avem:
2>4 (+)
(b+c)” > 4be =(b+c)? +(b+a)? > 4hc + 4ab = 4-(bc +ab) > 8Vab?c =8ab -/bc =
(b+a)? > 4ab
1 1 1 1
< =—ut, cu t=—— 2
(br0P s(bra)} 8V -vho 8 oo @)
2 (+)
(c-+a)" > 4ca —(c+a)® +(c+b)? > 4ca+4bc = 4-(ca+bc)>8vabc? =8Jac -/bc =
(c+b)? > 4bc
1 1 1
< ==\t 3
(c+a)? +(c+b)> 8Jac-vbc 8 ©)
Adunéand membru cu membru cele 3 relatii si apl
1 1 1(» 2 .9
+ + <—-(uv+ut+wvt)<—-lu” +v" +t
@+b)?+(@+c)® (b+c)+(+a)® (c+a)®+(c+b)? ( ) 8 )
1 1 1
+ + <= | =

@+b)?+(@+c)® (b+c)?+(b+a)® (c+a)®+(c+b)?

16.Tn patrulaterul convex

[AD]T n M. m(BME)& 60" MB|CD,CM|ABs &
format de diagonalele patrulaterului.

Rezolvare: Construim desenul din figura I11.14.

AN

Fie {O}= AC N BD. Avem de aflat m (AOB).

[BM]=[MC]
Din < MN — mediatoare
AMB =MDC , ABM = MCD

AB AM MB

avem AABM ~MCD = = =
MC MD CD

()
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ab bc ac) 8 (g2 p? (2

ABC[BCl]sar éeonstpeus e st

S

e

deter mine masur

GMNr. 11/2012

~
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it
A
i
i
E
I
Figura 111.14. Desenul problemei 16 (111.2)
Cum AMBCeste echilateral (un isoscel cu m(BMC):6OA) : prin Tnlocuirea
AB BC

MC = MB = BEn: g=—_= ()

Dar, acum f ol AMBGC~BED ¢i* *ABMng BIGD -mABM+ 60" = MCD -+ 60"

N AN

= ABC =BCD .

AN AN AN N AN N

Di n as e-mBAGaE€BO = BAC+ABO = CBD+ABO = ABC =120" (ABC s iMCBsunt

AN

unghiuri de aceeasiA$)||thCtnmirnaltn$(Bl\¢C:)4160A)ai BC ce tai

T mMAOB avem BAO+ABO+AOB =180", iar cum BAO+ABO =120" = AOB = 60"

17.Det er mi nat i numer el e real e d%t@m—%ﬁy&mntx S i
X+Yy

numere Tntregi, doua dintre ele fiind consecut
GMNr. 11/2012
Rezolvare:Di n c oay>dadiacal ul ui avem ur matoarele situ

1. x,y>0,x2yrezulta ca ordonarea este cea cunoscut
2 X+
Loy <)

X+Yy
Cum doua dintre numerele din sizorilel (*) sunt 7
2
1) 2V _n, Jxy =n+LneN=xy=(n+1? x+y:M
X+Yy n
2 2
Dar x+y:(n+1) eN:n+—2r]JrleN:>n+2+ieN:>sol uti=al unica n
2 n n n
- =4 =4
InlocuidT n r el ati. I:e{xyl ni pi{)gll e :dyzn8y141:)0:>
X+y=8 X=8-y
+ =4+243 X, =4-23
A:64—16:48:y1,2:8_m:> Y1 = !
2 Y =4-23  |x;=4+2.3
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By =n

e

patrat

per fect

d o & 0 saucné=n-1d cazorr carelnw s u |

_ a2
1b) = Py =n :
XY n {x+y:2-(n+1)
2 2
Cum 2—XyeN:>—eN:>n—eN:>n—1+ieN:>n+1|1:>n:Oimposibil.
X+y 2-(n+1) n+1 n+1
2. X,y<0,xz2yrezulta ca ordonarea:
X+y  2xy o
— e <—=x
> ey VY
Analizam situatiil e:
X+Yy=2n
2a)X+y:n, 2xy:n+1, n>0,neN= y nu
2 X+y xy=n-(n+1)=
doi Tntregi consecuti vi,
convin, deoarece x sau y = 0.

2xy =n,n<0,neN
2b) {X+Yy = n+1>0=n=-1imposibil

\/W:nJrl

3. X-y=0,x=#y
Dacxa=0=y=%2,

i ay=0=x=a2.

Sol ut i & yf=i{n2m)(®-2v3.4+2v3}(02)(0-2) (20)(4+243.4-243))

18. Fi e X,VY, z numer e —Xgeqa—ll,exﬂq'al,sﬁﬁ:eala>l|“,are&ét
X+Yy y+2 Z+X 2
Determinat.i produsul Xy z.
GMNr. 11/2012
Rezolvare:
Substituim xyz=p, p#0s | obti nem:
Z :
Xz _ 4 P _ 4 ops PP (1+2a)
X+Yy X+y X+y=-p 2a a
EoLE} P yre=p (+) x+y+z=2£ Xzzﬂ_p:p-(l—Za)
y+2 _Jy+z SN T a_ a a
£=a L:a 1 a a>—,aER y—2pa g: Z_pa
”’; “’; a>~.acR
a>-,aeR |a>>,aeR a>—,aeR
2 2
Xyz_p'(1—2a)(_£).p-(1+2a)_p3-(4a2—1) p®laa®-1 02 8a®
a 2a a ga® ga® 43% -1,
a>l,aeR a>l,aeR a>—,aeR
2 2
as { 2av/2a  2ay/2a }
:}pzxyZ:i 2—3W226 — )
4a” -1 V4a2 —1 V422 _1
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19. Un

-

doua.

triunghi
triunghiuri

sunt

ar e l aturi
asemenea,

Rezolvare: Construim desenul din figura 111.15.

Construim AMNP,

Di n
Pe d

e

alt a

A

EI

Z

i)

e nagdirigr ugtnitien dc uc ai
aratat.i ca, 1n

GMNr. 12 /2012

Figura I111.15. Desenul problemei 19 (111.2)

ast fMNI=CC', n\P &AA', MP=BB'.
MN _NP MP
& Ve

Ak, (1)

AB-MN=BC-NP=AC-MP=2S, (2)

unde

S

este
MN

Din (1) avem: AB = i

Tn mod
MN? = 2kS = MP- NP

Din (1) mai avem:

MN NP A _ MN-BC
'AB  BC NP
MN_MP | ,g_MN-AC
AB  AC MP

— AB? =BC-AC

ITn mod

20.S e

parte, tinand

cont

ar i aN,t rNPu n gvhP usluunit

TT

ca MN, NP,

nn acl atri emi M

i ar dABrtMZ%Z:}MM%\\/%m
si NMNPEd2kS, MB &&KkSm:

AB? =

MN-BC MN-AC _

NP

MP

si mAd%aBC.-AR, B uMB-AC.

anumar ul
b)n u maA=u9h? —2n? -7 este divizibil cu 512.

Rezolvare:

S=1%+3%45%+..+201%" = sz ~1)?
k=1

n

a)St ic® Z

=1+2+3+..+nh=

n nu

12 +224+3% +..+n

est e

n-(n+1)
2

consi dael+3f u5ha.r 120132,
patrat

2 _n-(n+1)-(2n+1)

k=1

101

6

k=1

2
MN -BC-AC =
" NP-MP
Aratati ca:

perfect;

GMNr. 12 /2012

Z4k2 Z4k+21 4Zk2—42k+21
k=1 k=1

k=1

fi

MP

e (

S |



n-(n+1)-(2n +1)_4_ n-(n +1)+n _(2n-1)-@2n+1)-n
6 2 3
T n caz wn=1087e=sSt= :(2';'1007_1)'(2?"1007+1)'1007

ca S nu est e pcafiecaradin nymeralefdd8,&711,,100%na estadivigibil cu 5.
b) A=9n*—2n%2 —7=9n% —9n? +7n% —7 =9n? -(n2 —1)+7-(n2 —1):(n—1)-(n +1)-(9n2 +7)

S=4.

=5-403-671-1007 =

Vom calcula restul Tmpartirii |l ui n de |l a punc¢
(M16+1)? = M16+1 (M16+9)% = M16+1

(M16+3)? = M16+9 (M16+11)* = M16+9

(M16+5)% = M16+9 (M16+13)? = M16+9

(M16+7)? = M16+1 (M16+15)? = M16+1

Observam o periodicitate din runier e4 ianprae £t urr
putem scrie:

n=1%+3%2 452+ .+201% = (;2 +32 452 +72)+(92 +112 +13? +152)+...+
+ (20012 +2003% +2005% + 20072)+(20092 +2012 + 20132)

Avem 251 grupe de 4 termeni cu suma resturil ol
n=M16+251-20+19=M16+5039= M16+16-314+15=M16+15

= A=(n-1)-(n +1)~(9n2 +7)= (I\/I16+14)~(M16+15)-[9~(M16+15)2 +7J=16-16k-2~(8k+7):>
—A=2% k-(8k+7)=512-k-(8k+7), Vke N

21.Det er mi nat i masuriuie Aum(gmfﬂﬁ}br&{d\r}grACt:Z-ang hi ul

GM Nr. 12 /2012
Rezolvare: Construim desenul din figura 111.16.

B

'S, o o A
E
Figura 111.16. Desenul problemei 21 (111.2)

AN

Not énEEABJ:a.Construim CD bisectoarea unghiului ACB, r ezul t a:

m{ASDj:m(DE;B]:a.

Not and BAC=2a.a
T mMCDA construim DE L AC.

cum m[CDEJ —90”— ¢, m[ADEJ —90% - = m(ADC] —180"- 20 = m(BDCJ = 2a

AACDest e i soscel, decideDBRnaset e€Esi= medi an

102



LUL n n A
AECD = ADCB = m| DEC |=m| DBC |=90"".

Din suma unuwriturriid mghz&ﬁnQD@'ﬂ?&&)"l\:mazwA

- m(A] — 30" m(Bj —90™: m(C] - 607

22.De mo n st r an tiiunglsi éarecarey ABC, punctele G - centrul de greutate, | — centrul
cercului -taeastcruls areirg ull mit M inwn(gitnghwllformateediniiben P MN
mijlocii) s@#az2Gl'coliniare si
GMNr. 12 /2012
Rezolvare: Construim desenul din figura 111.17.

A

N
Figura I111.17. Desenul problemei 22 (111.2)

PM, PN, MN | i nRAABC=nPMj|ACoMN iAB=IAPMN si BPNM sun

paralelograme.T n par al el og PANmPVN :AJZDPMIleéPMN — PAIl = NMI'

AN

AN AN

PAI = NMI'
PA| MN
Al || MI'
AM —secanta

= Al || MI' (RT unghiurilor cu laturile respectiv paralele)

= IAG =I'MG

AAIB ~AMI'N (caz UU) :ﬂzﬂ=£=
MI' NI' MN
Al AG 2
— === LUL A A
AAIG si AMI'G IMI' MG 1 . AAIG~AMI'G = AGI = MGI'

IAG = I'MG

2
1

RT unghiurilo r opuse la var f

AGI = MGI' = | -G —I' coliniare

A -G —Mcoliniare

Din AAIG ~AMI'G :>£=E:E:>IG=2-GI'
GM GI' 1
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23. Fi e ABC wun triunghi oarecare,eBCAAS5i bpeserct

coliniare A, C, E (C<(AE)); B,CF (Be(CF)),astfe] 1 ncat CE = AB si BF =
AA’ trece prin mijlocul segmentul ui [ EF] .
GMNr. 12 /2012
Rezolvare: Construim desenul din figura 111.18.
A

_'_E_‘_“

Figura 111.18. Desenul problemei 23 (111.2)

Fie {A"}= AA'~FE .
Aplicéand t eorse MEGE, ufi a tM®& nchd aAUA a hisierbeam:al a A

EA CA' FA =l<:>A”EEA"FC>E-%=1C> EA-CA'=AC-A'F
AC A'F A"E AC A'F
EA-CA'= (AC + CE)- CA'=AC-CA+CE-CA'=AC-CA+CE-CA'=AC-CA+AB-A'C

AC-A'F=AC-(A'B+BF)=AC-A'B+AC-BF=AC-A'B+AC-A'C

AC-CA'+AB-A'C=AC~A'B+AC-A'C<:>AB~A'C=AC-A'B<:>%=%%, aceasta r
fiind tocmai t eAdBCeaomae lob ¢ordoentifotezei.r ei 1T n

24.Ar at at ix,yczic[l,g}iaw@

a) 0< xv/4-3z +yJ4-3x +2,/4-3y <4
b) 0<Xxy/4—3z +yzJJ4—3x +xz,/4 -3y <x? +y? + 7°

GMNr. 12 /2012

Rezolvare:
a) Cum
!
X e 115} 1<x<2
- j 3<3x<4 [-4<-3x<-3 |+4 [0<4-3x<1
ye 1,5} = 1<y§§:> 3<3y<4=7-4<-3y<-3 |+4 =40<4-3y<1l =
- 4 4 3<3z<4 -4<-32<-3 |+4 0<4-3z<1
4 1<y<=
26_1,3:| y 3
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0<+4-3x<1 |-y 0<yV/4-3x <y
+
—30<,4-3y<1 |-z ={0<z/4-3y<z =0<X\4-32+y4-3x+2/4-3y <x+y+z=
0<+/4-3z2<1 | -x 0<x44-3z2 <X

= 0< x+/4-32 +yJ4-3x +2./4-3y £x+y+z£g+%+%:4

b) Din
0<yJ4-3x<y |-z 0<yzJ4-3x <yz
+

0<z,4-3y<z |-x =0<xz\/4-3y<xz =
0<X4-3z2<X |-y 0<xy+/4-3z <xy

= 0 < xyv/4—3z +yz-/4—3x +xz\/4—3y <Xy +XZ+YyZ=

x2+y2

> xy
2 (x-y) 20

X2+Z.

2
Deoar ece=sitmze (x-2)

2
y2 422 (y-2)*>0
> yz

2

2 2,2 2

2 2
x“+y? xT+z° yi+z
2 2 2

= 0 < Xyv4—32 +yzJ4—3x + X2,[4—-3y < x% +y? + 2°

= 0< Xy~/4—32 +yzJ4—3x +x2./4 -3y <

v

25.Fiea,b,cGR:. Aratat. ca:
a-(b+c) b-(c+a) . c-(a+b)

\/(az +b2)-(a2 +c2)+\/(b2 +c2)-(b2 +a2) \/(cz +a2)-(c2 +b2)

Rezolvare:

<3.

GMNr.1/2013

<. al(bsg) <1—
Arat c aJ(a2+bg)ia£;cz)_l
:>a~(b+c)s\/(a2+b2)-(a2+c2) ()2:>a2-(b+c)2g(a2+b2)~(a2+c2):>

— a2 -(b2 + 2bc +c‘2)s a®+a2c? +02c? +b%c? = a%p? +2a%bc+a%c? <a* +a%c? +b%al + bl =

2
:>a4—2a2bc+b20220:>(a2—bc) >0
Tn mod similar,

. b-(c+a) 1 (b2 2_0

( )\/(b2+c2).(b2+a2)< :( aC) -

*kk C'(a+b) <1 2_b >0

D ) = -af -

Tnsumand cele 3 relatii, rezulta:
a-(b+c) . b-(c+a) . c-(a+h) <3

\/(az +b2)-(a2 +02) \/(b2 +cz)-(b2 +a2) \/(cz +a2)-(c2 +b2)
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26Fi e P un punct situat XOY.i nRreirni ogwdc tuunluiP
drepted; s i, da st fdghOXi=rAgpd; nOY ={B;},dy nOX={A,}, dy "OY ={B>}

Demonstr a l;—|l—+c—]él—:—&—a+c—é\1—,atunci [OP este bisectoarea unghiului XOY.

OA; OB, OA, OB,

GMNr.1/2013
Rezolvare: Construim desenul din figura 111.19.

¥
El
EZ 41
F dz
o N
Al AD

Figura 111.19. Desenul problemei 26 (111.2)

Aplicam conditia probl emei si teorema | ui Me n ¢
1 1 1 1 1 1 1 1
+ = + = - = - =
OA; OB; OA, OB, OA; OA, OB, OB;
OA, -0OA; 0B;-0B, N AlA;  BiB; N A1A; OA;-0OA, 0
OA;-OA, 0OB;:-0Bj OA;-OA, O0B;:-0Bj BB, 0©OB;:-0B;

Aplicam teorema | ui NAeBeliaug afgptveAcsaltar i unghi
A0 AP BiBy A,0-AP-B;B, = A,A; -PB; -B,0= AAy _ A20-AdP (2)

AsA; PB; B,0 BB, PB;-B,0

Din (1) si (2) rezulta ca:

OA{-OA; _ A0 AP _ OA; AP
OB;-OB, PB;-B,O 0OB; PB;

— [OP este bisectoarea T M\OA;B1, conform reciprocei

teor emei bi sect oar anghjuluikeY i este si bi sectoar e:
27.Ar at ati canpeAtrwonaburak nenul, avem:

\/E \/ﬁ [25 I2n2 +2n+1 _n-(n+2)

===t >

2 2 2 2 2

GMNr.1/2013
Rezolvare:

5 [13 [25 2n+2n+1  [10 [26 [50 an® +4n+2
= [ ———— =
V2 V2 T2  — Va Vs "\  —
\/9+1 \/25+1 \/49+1 \/4n2+4n+1+1 3 5 7 on+1
= + + +...+ >—4—4+—44...+ =
4 4 4 4 2727 2

=%~(3+5+7+...+2n+1):M
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28.Fi e ABCD un{Op=2ACnBD.atlerrdtsaiti ca, daca

A A A A .
AOB | ~°BOC | 77COD | "*AOD _ 4 atunci ABCD este paralelogram.
Agoc Acop Aaop  Anos
GMNr.1/2013

Rezolvare: Construim desenul din figura 111.20.
D C

Figura 111.20. Desenul problemei 28 (111.2)

Noti mAOD =BOC=a,r ez u | t & AQB% 188"\~ e& smCOD, unghiuri opuse |
Anos . Asoc , Acop | Aaob _
Agoc Acop Aaop Anos
_OA-OB-sin(18OA—a)+ OB-OC -sina +OC-OD-sin(180A—a)+ OA -OD -sina
~ OB-OC-sina  0C-OD-sinf80*-«)  OD-OA-sina  OA.OB-sin{l80*- )
_OA OB OC, OD 4\/OA OB OC OD _
~oc "op oA 0B OC OD OA OB

Pentru a ajunge |l a ipoteza se observa ca sunt
geometrica a numerelor considerate, adica:
OA OC
OA_0B_0OC_OD_ Joc OA_ OA2=OC2:>{OA=OC
OC OD OA OB |OB_OD |pg2_-pp2 |(OB=0D’
OD OB
deci diagonaleleseT nj umat at esc, de unde rezulta ca ABCD

29. Pentru orice ne N*, n ont=a-t3-..-n
a)Ar A&t dn+i)-ne=a-n!
b)Af | at i restul A=-mp0& 1003+1004-1004.un2a2kH+ll la2012.
GMNr.1/2013
Rezolvare:
a) (n+1)-n=n(n+1)-nl=n-(n+1-1)=n-n!
b) A =1005-1009+1004-1004+...+ 2 - 2+1-11=1006-1009+1003-1004+-... + 3-21+21-11=>
A =1006-1=1006-2012-2011=1-2-3-...-1006—- 2012+ 2011
A=2012-(3-4-5-...-1005-1)+ 2011

A =2012. (% —1) +2011= A:2012= rest=2011
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piramida patrulatera regulata VABCD
nde M este mijlocul mu Y@ e i [ VD] si N
GMNr. 1/2013

30.Se da
VABMN, u

Rezolvare: Construim desenul din figura 111.21.

Figura 111.21. Desenul problemei 30 (111.2)

VvaeviN = VaseD —VascovN =1—Vascomn

Figura este ca un cort format prin |ipirea pe
2

si MHBCG.VONABCAB,MO=h, AB=L.St i m"—;éél-:l_zhze,.

Const aMRAIMABCEA.

OD _Lv2 1_Ly2

T mMVOD , MP este linie mijlocie, de unde MP = h :avem DP = —
2 2 2 2 4

Imediat, DE=£=AF, iar FH=£.
4 2
L2 h ,
| Apcep MP 4 2 L2.h
Obt i Wgaep = - - .
! D 3 3 24
FE-MP L-h L L%h

.FH = ==
4 2 8
2 2 2
" . L“h L“h 5L°h 5.3 5
I n fV ,=2-V +V, =2. + = = -
ABCBMN MAFED + VEMEHNG 2 g R
5 3

= VvaguN =1-Vagcomn =1—§ =3

Pe de aVYrumngP=aAmtreFH =
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I11.3. PROBLEME PENTRU PREGATIREA CONCURSURILOR SCOLARE*

l.Deter minat. numer el e real e a csel Dbpusttiini ntdr ed
intrag+b?siza—5b+1ll=la—b+2.
Rezolvare:
a?+b?+3a-5b+11>0=a’+2a+1+a+b’—4b+4-b+6>0=

(@+1)? >0
(b—2)? >0

:(a+1)2+(b—2)2+a—b+6>03{ —a-b+6>0=a-b>-6=

la-b+2/=-a+b-2
Rezulta ca expresia devine:
a’ +b%+3a-5b+1l=-a+b-2=a’+b%+4a—6b+13=0=

= @+2)?+(b-3) :0:{(a+2)2 =0:{a+2:o {a:—z

j—
(b—3)2=0 b-3=0 b=3
2Rezolvati Tn multimea numerel or reale ecuat
X =1+ |x — 2| +... +|[x — 2013 = 2013: (x — 2013)
Rezolvare:

Membr ul s b@n @013(312613)>0= x—-2013>0= x >2013=
X—=1+X—2+...+X—2012=2013-(x —2013) = 2012- X — (1 + 2+ ...+ 2012) = 2013- (x — 2013) =

= 2012-x —%2013 =2013-(x —2013)= 2012-x —1006- 2013 = 2013 (x — 2013) =
= 2012-x —1006-2013= 2013-x — 2013% = 2013% —1006-2013= X =
= 2013-(2013-1006) = x = x =1007-2013

3.Ar at a—%fw—éle “i+...+ n+2 _ l+1+...+E <2,Vne N*,
172 2.3 3-4 nin+1) (2 3 n

Rezolvare:

3 4 4 n+2 n+2 (1 1 1
3——+——— —— | =+ -+..+—|<2=

2 3 n n+1 n

3 4 4 n+2 n+2 1 1 1
3—— -+ t—— === w——<22=

2 2 3 n n+l 2 3 n
3—n+2<2:>3-(n+1)—(n+2)<2-(n+1):>1<2sau N*2 1 adevirat

n+1 n+1

4,Ar atati ca <uma neater antagdluaralae consecutive nl
Rezolvare:

(k—2)% +(k—1)? + k2 + (k +1)% + (k + 2)* =5k +1O:5.(k2 +1) se divide cu 5, dar nu cu 25.

' Observatie: Enunt ul plr+oZhd e me & dr u | paragraf ul ui Ghedrghe. 3. s
|l ur e a, Dor el Luchi an, Gabridlal gepa t, Agrioamet Zaeo s
45,2012, c ar t e |4 unele preblenee se face trimit er e directa catre sursa
exemplu, diferite concursuri, GM, etc.
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5Gasiti numerel e mxewHzeb, r,xyyxz+yz=12.unoscand
Rezolvare:
Xx+y+z=6 () = (x+y+2?=36=x%+y?+22+2-(xy+xz+yz)=36=
= x2+y2+22+2.12=36=x2 +y2 +2% =12

2,2, 52 _
Se obs {)? vi T é_:12:>x2+y2+22:xy+xz+yz:>x:y=z=2

Xy +X2+yz=12
. la+b+c=5".
6.Rezol vat. n R si_st.emul :
ab+ac+bc=7+a
Rezolvare:
{a+b+c:5 a=5-b-c
=
ab+ac+bc=7+a b2+(c—6)b+(c2—6c+12)=0:>A=—3-(c—2)2so

Pentruaavea beR=A=-3-(c-2)? =0=c=2=b=2=a=1

7.Daca a, b, ¢ sunt lanh-=n2brce=-3celal ar daas=bf@!| cBncat
Rezolvare: Notez|a—b|=2b—c|=3c—a=m=

a—b=m [3-Db=*m o) la—b|=0
=12b-cl=m= b—c=ig :>0=im-(1+%+%j:>m:0:> 2b-c=0=a=b=c
3c—a=m Caem 3c—a=0
3

8. Fie a,b,c numere reale, x =la| +|b| +|c| , y=]a—2+|b-2/+[c-2].Ar &t axt-y>6c &
Rezolvare:
Se s t|m|-€n|=dnd+n|
x+y=la+|o|+|c| +[a—2 +|b -2/ +|c -2 = x+y =[a| +[2—a| + |o| + |2 - b| +|c| +[2—c| =
laj+|2-a|>|a+2-4 la|+|2-a|>2 N
=4[b[+[2—b|=|b+2-b|=<|b|+[2-b[>2 =x+y=>6

le|+[2—c|>[c+2—c| lc|+[2—c|>2

9.Cat e nume rated veer if foir omim+ bs=ic aougl & abf =c? +d??
Rezolvare: Din a+b=c+d, prin ri di ca(@ah’@+d)f’stab-aci rezul t a:
De duc eafn2abab? =c® -2cd+d? = (a-b)* =(c—d)* =|a—b|=[c—d|=
—a-b=c-dsaua-b=d-c
Cum a+b=c+d, prin adunare cu =faime,dbadxua=d/lbat¢i e ant e

Rezult & c¢ca&@ numer e lawa, sohanabab o &= 0f,coabma :
Obt i ®eMB+9.-9=171numere
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8 y
Rezolvare:
XEE;%} sIxss %SXS% <1 11 1
8 3:> 1 :>—~2£5£—~6:>—£§£2:>§e[—;2}
6 2 6 2 y
1l1.agFi e x si y numer e (I;oe).al Re mon ayt>axt-y.nca nt er v
byDa cafp,ce(l;©), de mo na+hnr @Hpbt >1e d@ +ac+hc.

Rezolvare:

) x>1 X-1>0 *
a) Din X,ye(l;oo):>{ {

yo1= y_1>0:>(x—1)-(y—1)>0:>1+xy>x+y.
a>1 a-1>0 .
b) Din a,b,ce(l o)=b>1={b-1>0 =(a-1)-(b-1)-(c-1)>0=
c>1 c-1>0
—a+b+c+abc>1+ab+ac+hbc

: ay/2 +b+/3 .
122Daca a, b | C sunt nu rE@tatuncial e nenul e
¥ b32+0\/§
at+b+c|a®+b?+c?.
Rezolvare:
dreQ, astfel T1Tncat
a=rb
M:r:a 2+b\/§=r-(b\/§+c\/§):>a 2+b/3=rbV2+rc/3 = =
b\/§+C\/§ b=rc
:>E=E:>b2=ac:>
b ¢
—a’+b?+c?=a’+ac+c’ =(a+c)’ —ac=(a+c)>-b?>=(a+c-b)-(a+b+c)=

—a+b+c|a’+b?+c?

13.DacxgyeR*s unt as4x¥+&ky+5y?1:czoat ar égtx—g—jgxisN.cé
X + 4y

Rezolvare:
42 + 4%y +5xy +5y2 =0 = 4x- (X +y)+5y- (X +y)=0= (x +y)-(4x + 5y)= 0=
X+y=0 sau 4x+5y=0=Xx=-y sau x:—%y

2X+3y —2y+3y Y _1eN
3X+4y -3y+4y y

Pentru cazul: X =-y =

_2§y+3y
Pentru cazul: x:—gy: §x+2y = g =Q:26 N
X+3y —3-Zy+4y y
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14, Dacd x, y sunt yeulmeraest f af-iybi-aga¢kaey), atunci
x-1
y+1
Rezolvare:
x2—y? =2x+2y = x% —2x=y? +2y |+1=x% —2x+1=y? +2y+1= (x-1)% = (y+1° =

e {~-1+1}

X-1 X-1
1=+ 1 - =+ —1+1
Xx—1=+(y+ ):>y+1 y+1e{ +1}

15.a)De mo n s t(@{JZx—d)é(\/Zx+l—\/§)<l,VXeN*.
b)Compar at i numer el e:

a= (\/5 +1)- (\/§ - \/E) (\/Z —@)..(@—\/2012), iar
b= (V2 -1)-(V3++2)- (V4 + 3).(V2013+/2012).

Rezolvare:

2X +4/2X =1< 1 S A2X +42X =1< 2X+1+\/§:>
a) V2x +1-+/2x 2X +1-2x
= J2X +/2% — 1<\/2x+1+\/§:\/2x—1<\/2x+1 evident
b)Se observa

a-b=(2+1)3-v2)V4- I) (V2013-+/2012)V2 -1)v3 + V2 |4 +/3).(v2013+ v2012)

a-b=1
Conform punctuluia) >a<l=b>1=a<b

16,.a)Da@g b sunt numer e ra;i\/aﬂﬁlee,atmnein/geeg)astiive,
\/BEQ.

b)Rezol vati 1 n muli;imea\/;H\/_ym:é(B.elor naturale ecu
Rezolvare:
a)Fler—\/_+\/_: =1= M:l:r-(\@—\/_) a— b:>— Ja—-+b
\/_+\/_ a-b
r=va+vyb (4

Din a;bz\/g_\/— :>r+ar =2 \/_:>\/_—— [W] Q=+Jb=r-Ja=
r

2 a_ 2 2 2
JE:r—\/Ezr_%(r +a bJ=2r rF—a+b _r a+bEQ

r 2r 2r

b) VX +4Jy =20= VX +,fy = 2[\[:\/§+\/_ 10= {*/5_EQ conform(a),
JBy €Q
2

cu co %X(JI_SEJaabeN:>5a+5b 10=a+b=2=abef0,1 2
y =5b
0
2
¥)+

a=
b=
Sol ux,

{ {X_O {azl {x:5 {a:Z {x=20
Pentru = , pentru = , pentru = .

y =20 b=1 b=0

110,20),(5,5):(20,0)

y=5 y=0
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17.Dacn®lest e un numar BPMaBsuBnallsuast selmui heaat pat
arat a&n+Bniwcaeste numar pri m.

Rezolvare:
2n+3=a?|-4 [gn+12=4a%> ) , ,
= =43 -b° =11= (2a-b)-(2a+b)=11=
8n+1=h? 8n+1=h?
2a—b=1
= (2a-b)-(2a+h)=1-11=11-1= =4a=12=a=3=b=5=
2a+b=11

2n+3=9 n=3 .
= = =5n+3=18= nu e prim
8n+1=25 n=3

18.Daca a si b sunt a‘u(aneh)eb’r(e-ad),e daesn of neskthbriantcia tc
Rezolvare:
a’-(a—2b)=b%-(b-2a)=a-2a’b=b>-2ab% = a%-2a%p-b3+2ab? =0=
a3—b3—2ab-(a—b)=0:>(a—b)~(a2+ab+b2)—2ab~(a—b)=0:>
(a—b)~(a2+ab+b2—2ab):0:>(a—b)~(a2—ab+b2)=0:>

a-b=0 sau
=1 5 ’ )  =a=b
a“—ab+b“ =0 imposibil

19.Daca a, b si C sunt nwmear+éc=0,e aarea tpaotzii tciave

(1+a2)~(1+b2)~(1+c2)este patratul unui numar rational
Rezolvare: Putem scrie:

1+a? =ab+ac+bc+a’ =b-(a+c)+a-(a+c)=(a+h) (a+c)
1+b? =ab+ac+bc+b? =a-(b+c)+b-(b+c)=(b+c)-(a+b)
1+c2 =ab+ac+bc+c? =a-(b+c)+c-(b+c)=(b+c) (a+c)

:(1+a2)-(;+b2)-(1+c) [(a+b (a+c)2-(b+c)2J:[(a+b)-(a+c)-(b+c)]2

20l on, Costel, Adi si Marcel joaca teamias de
aCat e sejucal’r i s

b) D a cxXq,Xo,X3,X4r €eprezinta numar ul VYi,¥otye.yar EboeZf NE AA
numarul Tnfrangerilor su12f+e(%44x§+exﬁa)é+y§i+g§c+a4.e copi
Rezolvare:
ajl-CAM; C>AM; A— M= 6seturi

b)Fi ecare copil a fost+yyaphycaxd+yi=x,By,partide,

L2002 002 02 22 22 2 2 L2 2 L2 2 L2 2
Din X{ +X5 +X3+Xz3=Y1 +Y2+Y3+Y4 =>X]{ —Yi +X23-Y2+X3-y3+X53-yz3=0=

= (X +y1)- (X1 —y1)+ (X2 +Y2)- (X2 —y2)+ (X3 +Y3)- (X3 —y3)+(Xa +Ya)- (x4 —y4)=0
=3-(x1 —y1)+3- (X2 —y2)+3:(x3 —y3)+3- (x4 —y4)=0=

= (X1 = y1)+ (X2 —y2)+(x3 - y3)+(x4 —y4)=0=

= X1+ X2 +X3+Xg=Y1+Y2+Y3+Y4

A d e wt, dlevasece orice victoriea cui va se contabilizeaza si ca
victoriilor este egala cu suma 1Tnfrangerilor.

113



21.D a cap,c,de(0;0), a st fae=lbd F12, atvhd:
(@+3)-(b+3)-(c+4)-(d+4)>48°.

_ L . _— X+Yy
Rezolvare: Folosim inegalitatea mediilor: mgy > mg = 5 > Xy = X+Yy>2,/xy

a+322\/£

0+322930 0 o) (b23)-(o+4)-(d- 4)> 1616 bed ~16-3-4-ao)? — 467
c+3>23c

d+3>23d

222 Daca a, b, c,d sunt amlbmdgh2r+d92aﬂc%+,d2,aawntif el T nci
a" +b" =c" +d" , vn>3.
Rezolvare:
a+b=c+d ( )> = (a+b)? =(c+d)? = a? +2ab+b? =c? +2cd+d? = 2ab = 2cd = ab = cd
= (a-b)? =(c—d)’ =a-b=+(c—d),iar a+b=c+d =>2a=2c=a=c=b=d

—=a"+b" =c" +d" , vn>3.

2 2 2
. OX5+2 +4 X< +4020
23.Rezol vat i —|—n—+ZX—e—c+u.a3—|—a—: =2010.
! 2X+1  2X+3 X +4019

Rezolvare:
x2 42 X2 14 x2 + 4020
1|+ -1|+..+4| —mm-1|=0>
2X+1 2X +3 2X +4019

:>(x2—2x+1)- 1 + 1 +...+; =0=>
2Xx+1 2x+3 2x +4019

2 2
X°-2x+1=0 sau (x-1)*=0 sau w—1 sau
= = =
!, it 9 t 1 x =-1005
2X+1 2x+3 2x +4019 2x+1 2x +4019

24.Se consi d&XExelxplr|gs2+a. +[x—2017.
a)Ar at afaj=E@®E2-a), vacR.
byGAsmé¢R, st iH(xp=dmac& solutie unica.
Rezolvare:
a) E(a)=la+[fa-1+[a-2+..+]a—2012)
E(2012-a)=|2012-a|+[2012—a -1 +[2012—a— 2| +...+[2012—a — 2012
E(2012-a)=|2012-43|+|2011-a|+|2010—a| +...+|-a|
Se s {ti=let|, maiiv pentru care: E(a)=E(2012-a)
b) Din [X|+|x =1 +|x =2 +..+[x -2012=m=m >0
Fie u solutia ecuafui eisteatse|] ute=zul t a

c
Din conditia de swl2?2-ue>uaildéca, rezulta c
m =1006+1005+...+ 0 +..... 1005+1006:2-(1+2+...+1006):1006-1007

a si 20
a
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25.Rezol vati, (x? mx—R)s,+(Bmzc—Gxa—1)3i:e<4x2—x—3)3.

Rezolvare:
2
X“+X—-2=a
—a+b=4x?>-x-3=a%+b3=(a+b®=3ab-(a+b)=0=
3x2 —2x—1=bh
2 2 2 1 3
=3 IX“+X=-2)3x“ =2x-1)-14x° —x-3)]=0=> X € 1;—5;—2
26Afl ati numer el e 1 nt4x+4640, 2 xs23>0By+pxe-R4<0u car e
Rezolvare:
<4x-6 (1
y—-4x+6<0 Y Y (L+2); (2+3) X+2<y<4x—6 X*2 _ax_6
X+2 ' 2
2y-x-2>0 =1y> 2 = =
3y +2x - 24<0 2 x+2<y<24—2x x+2<24—2x
- 24— 2x 2 3 2 3
y<—35— (3)

X>2
:»{ = 2<X<6=xe {345}
X<6

Se iau cazurile: - pentru X =3= g <y<b=ye {3;4;5}

-pentru x=4=4<y<10=ye {56,7;8,9}
-pentru x=5=5<y<14=Yy e {6,7;8;9,1011,12,13}

27.Stabi | it daca exi st>é+\/§1gbt13e+r\/§séeesih1ﬂlltmnwmere astf
rational e.
Rezolvare:

Fie xeR, reqQ, r=x+vJ2 =>x=r-—+2=
x3+\/§:(r—\/§)3+\/§:r3—3r2\/§+6r—2\/§+\/§:r3—3r2\/§+6r—\/§:>
x3+\/§:r3+6r—\/§-(3r2+1)eQ<:>3r2 +1=0 imposibil

288Rezol vati Tn multimea numerelor Tntregi ec |

112X 132X £172% —11%.13% 411X .17% +13% .17%.
GM Nr. 5/ 2012 supliment

Rezolvare:Not dM=a ;13 =b ;17 =c, i ar emuati a devi
a’?+b’+c’>=a-b+a-c+b-c=
a2+b2+c2—a-b—a-c—b-c:0|-2 —2a% +2b% +2¢?> -2a-b-2a-c-2b-c=0=
(a2—2ab+b2)+(b2—2bc+cz)+(cz—2ac+a2):0:>(a—b)2+(b—c)2+(c—a)2:0
>0 >0 >0
a-b’=0=a=b
={(b-c)?=0=b=c ‘:a:b:czllles”(:l?x:x:o

c-a)>’=0=c=a
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se rezolve sistemul de ecuatii:

, unde x,yeR, x=zy.
OX+5y+6 4x—-4y+2

=1
X+Yy X—Yy
GM Nr. 5/ 2012 supliment
Rezolvare:
3 12 _3 3 2 _3 2 -3
X+ X — X + X — X + X —
5y56y442®5(y)g4()2© yayz
X+5y+6 4x-4y+2 x+y)+6_4-(x-y)+2 _, 5. 4 1
X+Yy X—Yy X+Yy X—Yy X+y X—Yy
Notd m
1 _a 1
= = sistemul devine: = =
1 b x—y—l 5+6-a—-4-2-b=1 6-a—2-b=0|:2
X-Yy b
3-a+2-b=3 3-a+2:-b=3 1
= = =3-a+6-a=3=9-a=3=a=-=b=1
3-a-b=0 3-a=b 3
Revenind | a notati.@ obti nem:
1 1
"3 (x+y=3 &)
Xy :{ i = 2:X=4=x=2=y=1
1 x-y=1
=1
X-y
30,Sa se rezolve sistemul de ecuatii:

(@a+b)-x+(@a-b)y=1
(a-b)-x—(a+b)-y=1'
unde santngnere reale date.
GM Nr. 5/ 2012 supliment

Rezolvare:
Not am ecual;l(aler XE(?sbzye ul i
a—b Xx—(a+h)-y= 4} 23
Adunam r(B4(2Q (airb)ea+(@-b)y+(@-b)-x—(a+b)y=2=

x-[@+b)+(@-b)+y-[@a-b)-(a+b)]=2=2-a-x-2-b-y=2|:2=a-x-h-y=1 (¥
Scadem ile(2p=t(a+ib)er(a—b)-y—(a—b)-x+(a+b)y=0=
x-[(@a+b)-(a-b)]+y-[a-b)+(@+b)]=0=2-b-x+2-a-y=0|:2= b-x+a-y=0 (*¥
Formam sistém &: rel atiile
{a-x—b-y:l |-a {az-xa-by—a (+)

= :>x~(a2+b2):a:>x:
b-x+a-y=0[-b  |p2.x1a.b-y=0

a.x_b.y:]_ -b a.b.x_bz.y:b (+) b
| = ) = y~(—a2—b2)=b:>y=— >
b-x+a-y=0|-(-a —a-b-x-a%-y=0 a‘+b

a% +b?
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